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In a recent paper a toy model (called hypercubic model) undergoing a first-order Z2 symmetry
breaking phase transition (SBPT) has been introduced. The hypercubic model was inspired by the
topological hypothesis, according to which a phase transition may be entailed by suitable topological
changes of the equipotential hypersurfaces Σv of configuration space. The Σv’s of the hypercubic
model have a single topological change, which, under further particular hypotheses of geometric
nature, entails the Z2-SBPT. In this paper we introduce an extended version of the hypercubic
model in which no topological change in the Σv’s is present anymore, but nevertheless the Z2-SBPT
occurs the same. We introduce a geometric property of the Σv’s (i.e. dumbbell Σv’s suitably defined)
that is sufficient to entail a Z2-SBPT regardless their topology. The paper ends by applying the
picture of the dumbbell Σv’s to a physical model, i.e. the mean-field φ
4 model.
PACS numbers: 75.10.Hk, 02.40.-k, 05.70.Fh, 64.60.Cn
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I. INTRODUCTION
Phase transition are very common in nature. They are
sudden changes of the macroscopic behavior of a natu-
ral system composed by many interacting parts occurring
while an external parameter is smoothly varied. Phase
transitions are an example of emergent behavior, i.e. of a
collective properties having no direct counterpart in the
dynamics or structure of individual atoms [38]. The suc-
cessful description of phase transitions starting from the
properties of the interactions between the components of
the system is one of the major achievements of equilib-
rium statistical mechanics.
From a statistical-mechanical point of view, in the
canonical ensemble, describing a system at constant tem-
perature T , a phase transition occurs at special values
if the temperature called transition points, where ther-
modynamic quantities such as pressure, magnetization,
or heat capacity, are non-analytic functions of T ; these
points are the boundaries between different phases of the
system. Starting from the celebrated solution of the 2D
Ising model by Onsager, these singularities have been in-
deed found in many models, and later developments like
the renormalization group theory [23] have considerably
deepened our knowledge of the properties of the transi-
tion points, at least in the case continuous transitions, or
critical phenomena.
Yet, the situation is not completely satisfactory, First,
in the canonical ensemble these singularities occur only
in the rather artificial case of infinite systems: follow-
ing an early suggestion by Kramers [17], Lee and Yang
[46] showed that in the thermodynamic limit N → ∞
(N is the number of degrees of freedom, and the limit is
taken at fixed density) must be invoked to explain the
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existence of true singularities in the canonical partition
function Z(T ) and then in the thermodynamic functions
defined as derivatives of Z(T ). Since in the last decades
many examples of transitional phenomena in systems far
form the thermodynamic limit have been found (e.g. in
nuclei, atomic clusters, biopolymers, superconductivity,
superfluidity), a description of phase transition valid also
for finite systems would be desirable. Second, while nec-
essary conditions fro the presence of a phase transitions
can be found (one example is the above-mentioned need
of the thermodynamic limit in the canonical ensemble),
nothing general is known about sufficient conditions: no
general procedure is at hand to tell if a system where
a phase transition is not ruled out from the beginning
does have or not such a transition without computing Z.
This might indicate that our deep understanding of this
phenomenon is still incomplete.
These considerations motivate a study of the deep na-
ture of phase transitions which may also be based on
alternative approaches. One of such approaches, pro-
posed in [8] and developed later [9], is based on simple
concepts and tools drawn from differential geometry and
topology. The main issue of this new approach is a topo-
logical hypothesis, whose content is that at their deepest
level phase transitions are due to a topology change of
suitable submanifolds of configuration space, those where
the system lives as the number of its degrees of freedom
becomes very large.
This idea has been discussed and tested in many recent
papers [1, 5, 6, 10, 15, 24, 26, 31, 45]. Moreover, the topo-
logical hypothesis has been given a rigorously background
by a theorem [20] which states that, at least for systems
with short-ranged interactions and confining potentials,
topology changes in configurations space submanifolds
are a necessary condition for a phase transition. Any-
way, in [33] it has been shown that the theorem cannot
be sustainable except for some particular cases. In [25]
a generalized version of the theorem has been proposed
2in which also concepts of geometric nature are encom-
passed besides topology. However, the problem of which
may be, if any, the sufficient conditions to entail phase
transitions either topological alone or in addition to ge-
ometric hypotheses remains open. A first answer to this
problem has been given in [6], where a straightforward
theorem for the occurrence of a Z2-symmetry breaking
phase transition (SBPT hereafter) has been proven.
In this paper we generalize that theorem finding out
a more general sufficient and necessary condition for Z2-
SBPTs. The sufficient condition of the theorem in [6]
makes use only of topological properties of the equipoten-
tial hypersurfaces (Σv’s hereafter) of configuration space,
while the generalized version is given in terms of a geo-
metric property of the Σv’s largely independent on their
topology. The Σv’s having this property has been called
dumbbell-shaped in the sense of the presence of a neck
which will be clarified in the paper. The original topo-
logical condition survives as a limiting case. In general,
the results of this paper seems to suggest that purely
topological conditions for SBPTs are unattainable, as al-
ready highlighted in [32], even though it is not said that
the generating-mechanism of SBPTs delineated here is
the unique acting in nature.
The paper is structured in a pedagogical way. In Sec.
II we start by introducing an extended version of a toy
model (called hypercubic model) undergoing a first-order
Z2-SBPT introduced in [6], showing in an intuitive way
how the mechanism of the dumbbell Σv’s works. In Sec.
III we give a rigorous definition of what a dumbbell Σv
is, and we generalize the theorem in [6]. In Sec. IV
we introduce a model based on the hypercubic model
which rigorously shows what depicted in Sec. II from a
mathematical point of view. Finally, in Sec. V we apply
the framework of the dumbbell Σv’s to a physical model,
i.e. the mean-field φ4 model.
II. HYPERCUBIC MODEL
In this section we will briefly recall the toy model,
called hypercubic model, introduced in [6]. The model
has been defined in such a way to undergo a first-order
Z2-SBPT. The potential is nothing but a generalization
to N dimensions of a Z2-symmetric square double-well
potential with the gap between the wells proportional to
the number of degrees of freedom N , that is
V (q) =


−Nvc if q ∈ A±
0 if q ∈ B\{A+ ∪ A−}
+∞ if q ∈ RN\B
, (1)
where vc > 0, B is an N -cube of side b centered in the
origin of coordinates, and A+, A− are N -cubes of side
a disposed in such a way to be included in B and to
be one the image of the other under the Z2 symmetry.
Furthermore, A+, A− are disposed in such a way to be at
the maximum from each other (see Fig. 1), and b ≥ 2a
has been assumed to have A+ ∩ A− = ∅.
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FIG. 1: Sketch of the Σv’s (2) of the hypercubic model (1)
for N = 2. The sides of the 2-cubes (squares) B, A+, A− are
b = 2, a = 1, a = 1 respectively, as defined in [6] (left), while
b = 2, a = 1.2, a = 1.2 respectively, as modified in Sec. II.
The equipotential hypersurfaces of configuration space
are defined as follows
Σv,N = {q ∈ RN : v(q) = v}, (2)
where v = VN . The Σv,N ’s of the hypercubic model are
the following
Σv,N =


∅ if v < −vc
A+ ∪ A− if v = −vc
∅ if − vc < v < 0
B if v = 0
∅ if v > 0
, (3)
thus, a topological change occurs as the potential jumps
between −vc and 0.
The canonical partition function is
ZN (T ) =
∫
RN
dq e−
V (q)
T =
=
∫
A+∪A−
dq e
Nvc
T +
∫
B\{A+∪A−}
dq =
= 2aN e
Nvc
T + (bN − 2aN ). (4)
As N is large enough, ZN can be approximated as follows
ZN ≃ 2eN(ln a+
vc
T ) + eN ln b. (5)
In the limit N →∞ the critical temperature Tc = vcln(b/a)
arises, because as T < Tc the first addendum in the right
hand side of the last equation survives, while as T > Tc
the second addendum survives.
In the thermodynamic limit the free energy, the aver-
age potential, and the specific heat are respectively
f = − T
N
lnZN =
{ −T ln a− vc if T ≤ Tc
−T ln b if T ≥ Tc , (6)
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FIG. 2: Hypercubic model (1) with vc = 1 a = 1.5, and
b = 2. From top to bottom, and from left to right: free
energy f , average potential 〈v〉, specific heat Cv, and mag-
netization 〈m〉. The smooth lines are for N = 30, 50, 100
(green, blue, magenta), and show a non-uniform convergence
toward a discontinuous limit for N → ∞ (red) correspond-
ing to a first-order phase transition with critical temperature
Tc =
1
ln(4/3)
.
〈v〉 = −T 2 ∂
∂T
(
f
T
)
=
{ −vc if T < Tc
0 if T > Tc
, (7)
Cv =
∂ 〈v〉
∂T
=


0 if T < Tc
+∞ if T = Tc
0 if T > Tc.
. (8)
The spontaneous magnetization in the broken phase has
been assumed to be the center of mass coordinates of the
N -cubes A+ or A−
〈m〉 =
{ ± b−a2 if T < Tc
0 if T > Tc.
, (9)
Summarizing, the model shows the complete picture of a
first-order Z2-SBPT.
In [6] the authors have assumed b ≥ 2a on the N -
cubes sides, because they were guided by the idea that
in order to entail a SBPT at least a topological change
in the Σv,N ’s is needed. The idea is that, if the N -cubes
A+, A− are disjoint, the probability of the representative
point (RP hereafter) to jump between A+, and A− is
vanishing in the thermodynamic limit. But here we will
show that the disjointness of A+, A− is not necessary,
and that a SBPT can be entailed by another condition
on A+∪A− which includes the disjointness as a particular
case.
We start by observing that the solution of the ther-
modynamic does not require the restriction b ≥ 2a, and
it makes sense also under the less restrictive condition
b > a. Indeed, Tc =
vc
ln(b/a) > 0 needs only b > a, and
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FIG. 3: Hypercubic model (1) with vc = 1, and b = 2. Spon-
taneous magnetization m = (b − a)/2 as a function of the
critical temperature Tc =
vc
ln(b/a)
. Only the positive branch is
plotted.
if b = a, Tc = 0, and the SBPT disappears. But as
b > a > b/2, A+ ∩ A− 6= ∅. Thus, how can the Z2
symmetry be broken as T < Tc? And, what happens to
the spontaneous magnetization? Assuming the ’a priori’
equal probability hypothesis, the spontaneous magneti-
zation should be vanishing because A+∪A− is symmetric
under Z2.
To help the intuition, consider the case in which a is
only slightly greater than b/2. A+∩A− is a small N -cube
of side 2a−b. How can the RP go freely around the whole
A+ ∪ A− if it has to pass through A+ ∩ A−? It is clear
that the Z2 symmetry has to break even if A
+ ∩A− 6= ∅.
In what follows we will see that it is not important how
small A+∩A− is, but that the crucial feature of A+∪A−
is that it is ’strangled’ in the sense that will be cleared.
More precisely, we are in front of the spontaneous er-
godicity breaking phenomenon, that among its conse-
quences, includes symmetry breaking. We recall that
the ergodic hypothesis implies that we can substitute the
time average of an observable F (q) of the system, i.e. a
function of the coordinates, by the canonical (or micro-
canonical) ensemble average
F = lim
t→+∞
∫ t
0 dt F (q(t))
t
= 〈F 〉 =
∫
M dqF (q) e
−βV (q)
Z(β)
,
(10)
where M is the configuration space.
III. DUMBBELL EQUIPOTENTIAL
HYPERSURFACE OF CONFIGURATION SPACE
Consider an N degrees of freedom system. Let us de-
fine the hyperplane of RN at constant magnetization
pim,N = {q ∈ RN : 1
N
N∑
i=1
qi = m}, (11)
and define the function
aN (v,m) = ωN (v,m)
1
N , (12)
where
ωN (v,m) = µ(Σm,N ∩pim,N ) =
∫
Σm,N∩pim,N
dΣ
‖∇V ‖ (13)
4is the microcanonical volume, or density of states, at
fixed v and m. aN (v,m) is linked to the microcanoni-
cal entropy sN (v,m) by the relation
sN (v,m) = ln aN (v,m). (14)
Definition. A Σv,N is dumbbell-shaped if aN (v,m), or
equivalently sN(v,m), does not take the maximum at
m = 0.
Knowing where the maximum of aN (v,m) is located is
crucial to determine the spontaneous magnetization 〈m〉.
Indeed, the last takes the value ofm at which aN (v,m) is
maximum. Let us see why. Consider the co-area formula
[42] of the canonical partition function
ZN = N
∫ +∞
vmim
dv e−Nβvµ (Σv,N ) , (15)
where vmim is the absolute minimum of the potential
density. Since Σv,N = ∪m∈R (Σv,N ∩ pim,N )
µ (Σv,N) =
√
N
∫
dmµ(Σm,N ∩ pim,N )
=
√
N
∫
dmeNsN (v,m). (16)
In the thermodynamic limit [47] ZN can by evaluated by
the saddle point approximation, so that
µ (Σv,N ) ∝ eNsN (〈v〉,m0), (17)
where 〈v〉 is the average potential, and m0 maximizes
sN (〈v〉 ,m).
Now it is clear that the Σ〈v〉,N to be a dumbbell one
is a sufficient condition for Z2-symmetry breaking (SB).
Furthermore, this condition appears also as necessary,
because if the Σ〈v〉,N were not dumbbell-shaped, then the
maximum of aN (〈v〉 ,m) would be at m = 0 so that the
Z2 symmetry would not be broken, against the hypoth-
esis. These consideration, for the sake of mathematical
formality, can be condensed in a straightforward theo-
rem.
Theorem. Let (v′, v′′) be an interval of accessible values
of the potential density of an N degrees of freedom Hamil-
tonian system with a Z2 symmetry. The Z2 symmetry is
spontaneously broken for suitable values of the tempera-
ture T such that 〈v〉 (T ) ∈ (v′, v′′) if, and only if, there
exists N0 ∈ N such that the Σv,N ’s are dumbbell-shaped
∀N > N0 and ∀v ∈ (v′, v′′).
In the most common case v′ is the absolute minimum
of the potential density, which is reached at T = 0. If a
phase transition, meant as the transition point between
the broken phase and the unbroken one, is associated to
the SB, it is a value of the potential vc that separates the
dumbbell Σ〈v〉,N ’s from the ones which are not dumbbell-
shaped. This means that there exists an N0 such that
∀N > N0 the Σv,N ’s are dumbbell-shaped for v > vc,
and are not dumbbell-shaped for v < vc. Σvc,N plays the
role of a sort of critical v-level set.
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FIG. 4: Some Σv,2’s of a Z2-symmetric double-well potential
for increasing values of v starting from the innermost one. The
thick Σv,2 is critical in the sense that separates the dumbbell
ones from that which are not dumbbell-shaped. In two dimen-
sions this can be only intuited, because the intersection with
the pim,2’s is made by only two points, but in more dimensions
it is a (N − 2)-submanifold of RN .
At this point it is worth distinguishing two cases in the
broken phase and in the thermodynamic limit.
(i) a(v,m) = limN→∞ aN (v,m) is a non-concave func-
tion of m with two absolute maxima corresponding to
values of the spontaneous magnetization. Since a(v,m)
has to be concave for short-range potentials [22, 37], this
is the picture of a long-range potential.
(ii) a(v,m) does not maintain the non-concavity at
finite N of the aN (v,m)’s, as a consequence is a non-
strictly concave function of m. This is the typical pic-
ture of a short-range system, even though a long-range
one cannot be ’a priori’ excluded.
To make clear the situation we give a physical example.
Consider a ferromagnetic material, which can be modeled
by a short-range 3D Ising model. As the temperature is
above the Curie temperature Tc the O(3) symmetry is
unbroken, while as the temperature is below Tc the O(3)
symmetry is broken. Anyway, the modulus of the spon-
taneous magnetization 〈m〉 can take every value between
zero and its maximum, because the free energy, or equiv-
alently the entropy, is a flat function of m in the same
interval. This is the picture of case (ii).
We wonder what may be a general sufficient condition
for Z2-SBPTs given on the potential globally considered.
As it has already pointed out in [3], a double-well poten-
tial may be the most general answer, e.g. the φ4 model
in Sec. V. The wells of the potential have to be located
on a line orthogonal to the pim,N ’s defined in (11). This
scenario is represented in Fig. III. Following the example
of the hypercubic model, an alternative way is to define
the potential foil by foil by shaping the single Σv,N as we
want, but this way we cannot guarantee the smoothness
of the potential or any other analytical property.
5A. On a theorem on a sufficient condition for
Z2-SBPT
In [6] a straightforward theorem (theorem 1) on a suffi-
cient topological condition for Z2-SBPT has been proven.
It is given starting from the topological properties of the
Σv,N ’s of an N degrees of freedom Hamiltonian system
with a Z2 symmetry. Simplifying a little bit the scenario,
the statement is as follows.
Let v′ < v′′ be two values of the potential density such
that Σv,N = Σ
A
v,N ∪ΣBv,N ∀v ∈ (v′, v′′), ΣAv,N ∩ΣBv,N = ∅,
ΣAv,N ∼ ΣBv,N ∼ SN where ’∼’ stands for ’is homeomor-
phic to’, and such that ΣAv,N is the image of Σ
B
v,N under
the Z2 symmetry. Then, in the thermodynamic limit
the Z2 symmetry is spontaneous broken for the values
of temperature T ∈ (T ′, T ′′), where v′ = 〈v〉 (T ′) and
v′′ = 〈v〉 (T ′′).
In that theorem it has been made the assumption that
if the RP is confined in one of the two connected compo-
nents of Σv,N the spontaneous magnetization can be cal-
culated by the ensemble average on the connected com-
ponent itself. At the light of what discussed here this is
trivially not always true. Nevertheless, the theorem in
[6] survives as a particular case of the theorem given in
Sec. III, if we add the hypothesis that Σv,N is symmetric
with respect to the plane pi0 defined in (11). Indeed, since
Σv,N is made by two disjoint connected components Z2-
non-symmetric singularly considered, then Σv,N∩pi0 = ∅,
so that Σv,N is ’strangled’ and the Z2 symmetry is broken
because of theorem in Sec. III.
B. On a theorem on a necessary condition for
phase transitions
In [19, 20, 42] a theorem on a necessary condition for
phase transitions, meant as a loss of analyticity in the
free energy, has been proven. The necessary condition is
a topological change in the Σv,N ’s located in correspon-
dence to the average potential vc = 〈v〉 (Tc), where Tc
is the critical temperature. Despite that in [33] a coun-
terexample has been found, i.e. the 2D φ4 model, the
original idea of the theorem, and more in general of the
topological hypothesis in [42], may be in somewhat ex-
tent recovered by considering a sort of topological limit
for N →∞ of the Σv,N ’s, as sketched in Fig. 5.
Here, it has clearly showed how a SBPT arises as an
effect of the restriction of the integration domain in con-
figuration space of the canonical partition function in
the limit N → ∞. As N becomes larger an larger, the
canonical measure shrinks more and more around Σvc,N ,
so that the integration domain does the same, but even
though the topology of Σvc,N can be trivially that of an
N -sphere, Σvc,N may be ’strangled’ giving rise to the
SBPT as a consequence. We may say that the ’topologi-
cal limit’ for N → ∞ of the Σv,N ’s is different from the
topology of the Σv,N themselves. Anyway, this is only an
N®¥
FIG. 5: The sketch illustrates a dumbbell Σv,N whose ’topo-
logical limit’ for N →∞ is different from the topology at any
N in the sense explained in Sec. III B.
imaginative way of thinking, because in the limit N →∞
no Σv,N exists anymore.
In [25] the authors of the theorem has proposed a gen-
eralized version of it, which includes the above-mentioned
counterexample, based on the new concept of asymp-
totic diffeomorphicity, according to which two manifolds
can be diffeomorphic at any N but not anymore in the
limit N → ∞. While waiting for a rigorous definition
of asymptotic diffeomorphicity, we wonder what it may
have in common, if any, with the concept of the ’stran-
gled’ manifolds introduced here for the Z2 symmetry.
Remark. The fact that a Σv,N is ’strangled’ is not related
to its topology at all. A ’strangled’ Σv,N can have any
topology.
IV. TOY MODEL DERIVED FROM
HYPERCUBIC MODEL
Unfortunately, the calculation of A+∪A−∩Σm,N where
Σm,N of the hypercubic model (1) is not so easy. There-
fore, we replace the N -cubes by N -balls, as sketched in
Fig. 6. The radius of B is assumed
√
N to give rise to a
magnetization m ∈ [−1, 1], while the radius of A+, A− is
(1 −m0)
√
N , where m0 is the value of the spontaneous
magnetization. 0 < m0 < 1 is assumed.
As for the hypercubic model, the potential takes only
the values −vc, 0. To calculate the density of states as a
function of m we start from v = vc, thus
ωN(−vc,m) = µ (Σ−vc,N ∩ pim,N ) = µ
(
A+ ∪ A− ∩ pim,N
)
.
(18)
A+ ∪A− ∩ pim,N is an (N − 1)-ball whose radius is given
by
r(m) =
√
N
(
(1 −m0)2 − (|m| −m0)2
) 1
2 . (19)
Thus, the density of states at fixed m is the volume of
the (N − 1)-ball of radius r(m)
ωN(−vc,m) = pi
N
2 N
N−1
2
Γ
(
N
2 + 1
) ((1 −m0)2 − (|m| −m0)2)N−12 .
(20)
Finally, the entropy in the thermodynamic limit is given
by
s(−vc,m) = lim
N→∞
1
N
lnωN (−vc,m)
=
1
2
ln
(
(1−m0)2 − (|m| −m0)2
)
. (21)
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FIG. 6: Sketch for N = 2 of the Σv,N ’s of the model in Sec.
IV: Σ−vc,2 = A
+ ∪A− and Σ0,2 = B\
(
A+ ∪A−
)
where B is
the whole 2-ball. The red segment is A+ ∪A− ∩ pim,2.
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FIG. 7: Model of Sec. IV with vc = 1 and m0 = 0.4. Left:
entropy s(v,m) as a function of m at v = 0 (blue), and at v =
−vc (red). Right: as left for the free energy f = 〈v〉 − Ts(m)
at T < Tc (blue) and at T > Tc (red). Tc ≃ 1.96.
s(−vc,m) is plotted in Fig. 7, it shows a relative mini-
mum at m = 0 and two absolute maxima at m = ±m0
corresponding to the spontaneous magnetization. The
’strangledness’ of A+∪A− has reflected in a non-concave
entropy entailing the spontaneous breaking of the Z2
symmetry.
Now, consider the case v = 0.
ωN (0,m) = µ (Σ0,N ∩ pim,N )
= µ
((
B\ (A+ ∪A−)) ∩ pim,N)
= µ
(
(B ∩ pim,N ) \
(
A+ ∪ A− ∩ pim,N
))
(22)
Since the radius of A+ ∪ A− ∩ pim,N is less than that of
B ∩ pim,N , the contribution of the former is vanishing for
N →∞ with respect to the latter, so that
ωN(0,m) = µ (B ∩ pim,N )
=
pi
N
2 N
N−1
2
Γ
(
N
2 + 1
) (1− |m|)N−1 , (23)
and finally, the entropy is
s(0,m) = lim
N→∞
1
N
lnωN (0,m) = ln (1− |m|) . (24)
The importance of this model is in showing in an dis-
crete and elementary way the generating-mechanism of a
Z2-SBPT. In the general case this occurs in a continuous
way giving rise in some cases to a continuous SBPT, i.g.
the φ4 model that we will analyze in next Section.
V. A POSSIBLE APPLICATION: MEAN-FIELD
φ4 MODEL
We recall the potential of the mean-field φ4 model with
a Z2 symmetry
V =
N∑
i=1
(
−φ
2
i
2
+
φ4i
4
)
− J
2N
(
N∑
i=1
φi
)2
. (25)
The model is known to undergo a second-order Z2-SBPT
with classical critical exponents.
In [27] the authors have been able to calculate the ther-
modynamic limit of the microcanonical entropy s(v,m)
(see Fig. 8) of the mean-field φ4 model by large devia-
tions theory. The canonical entropy sˆ(v) is obtained by
a process of maximization of s(v,m) with respect to m
sˆ(v) = max
m
s(v,m). (26)
The domain of s(v,m) is a non-convex subset of the plane
(v,m), and s(v,m) is a non-concave function, coherently
with the long-range interaction of the model. The critical
average potential vc of the SBPT is located in such a way
to divide the concave sections s(v,m) at fixed v at v ≥ vc
from the non-concave ones at v < vc.
In [2, 4, 24] the topology of the Σv,N ’s hes been ex-
haustively studied by Morse theory [42]. The following
three cases have delineated:
(i) v ∈ [vmin, vt), where vmin = − 14 (1 + J)2 is the ab-
solute minimum of the potential. vt depends on the cou-
pling constant J , and vt < − 14 . The Σv,N ’s are home-
omorphic to the union of two disjoint N -spheres. The
critical potential of the SBPT may be less than 0, but
vc > vt holds for every J .
(ii) v ∈ [vt, 0]. There is a huge amount of critical
points growing as eN , and as a consequence of topolog-
ical changes. We can say that the whole interval [vt, 0]
plays the role of a critical v-level set, because discrimi-
nates between the Σv,N ’s homeomorphic to two disjoint
N -spheres from the ones homeomorphic to a single N -
sphere. In a future paper we will see how it is possible
to reduce this critical interval to a single critical v-level
set containing a single critical point. Furthermore, as
J →∞, vt → − 14
−
.
(iii) v ∈ (0,+∞). The Σv,N ’s are homeomorphic to an
N -sphere.
Let us try to interpret this scenario in the light of the
results of Sec. III.
In the case (i) the hypotheses of theorem 1 in [6] are
satisfied, thus the topology of the Σv,N ’s implies the Z2-
SB. This is in accordance with vc > vt for every J ,
because the magnetization cannot vanish below vt. As
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FIG. 8: Mean-field φ4 model (26) with coupling J > 0
(the plots reported here are reproductions only in qualitative
agreement with the originals Fig. 5 in [31] and Fig. 2 in [27],
respectively from left to right, to which we refer for a quan-
titative study). Left: graph of the microcanonical entropy
s(v,m) as a function of the potential v and the magnetiza-
tion m. Right: contour plot of s(v,m). The gray hatched
area is the domain of s, the continuous curves are level sets
for some values of s, and the dashed curve is the spontaneous
magnetization.
showed in Sec. III, since the theorem in [6] is a particu-
lar case of that given in Sec. III, also the hypotheses of
the latter are satisfied.
In the case (ii) the hypotheses of the theorem in [6]
are not satisfied, so that only the theorem given in Sec.
III can implies the Z2-SB, because the Σv,N ’s may be
dumbbell-shaped below vc and not anymore above vc (if
vc < 0) independently on their intricate topology.
Finally, the same of the case (ii) holds for the case (iii),
with the non-significant difference that the Σv,N ’s are all
diffeomorphic to an N -sphere.
Σvc,N plays the role of critical v-level set in the sense
that it separates the dumbbell Σv,N ’s from that which
are not dumbbell-shaped. In general, for more precision,
we aspect that at fixed N the critical Σv,N in the above-
specified sense is not located exactly at vc, but there may
exist a sequence of critical ΣvNc ,N such that v
N
c → vc for
N → ∞. Further analytic and numerical studies may
check this conjecture.
VI. CONCLUDING REMARKS
In this paper we have highlighted the generating-
mechanism for Z2-SBPTs in Hamiltonian systems. The
mechanism is based on a particular shape of the v-level
sets that we have defined dumbbell-shaped. A dumbbell
v-level set entails the spontaneous ergodicity breaking,
whence the SBPT. Since in the thermodynamic limit the
the 〈v〉 (T )-level sets is the unique level set accessible to
the RP of the system, we can calculate the spontaneous
magnetization by the ensemble average on the 〈v〉 (T )-
level set provided that the last is ergodic. But we have
shown that if the 〈v〉 (T )-level set is dumbbell-shaped,
then it cannot be ergodic because the RP cannot visit all
the regions of the 〈v〉 (T )-level set for a time proportional
to the statistical measure. In other words, a dumbbell v-
level set has a neck in correspondence of the plane at
0-magnetization where the probability to find the RP is
exponentially suppressed with N , so that the neck acts
as a topological barrier. We note that, despite we have
applied this idea to the canonical ensemble, this mecha-
nism is suitable for application also to the microcanonical
ensemble because it is independent on N .
The concept of the dumbbell v-level sets can be directly
extended also to discrete variables-systems, e.g. the Ising
model. The v-level sets become discrete sets, so that
the statistical measure is replaced by the count of the
microstates.
This question weather a narrow neck can break the
symmetry of a system has been pointed out also in the
recent paper [25], where the authors have introduced
the new concept of asymptotic diffeomorphicity among
manifolds: two manifolds can be diffeomorphic at any fi-
nite N , but not asymptotically diffeomorphic in the limit
N →∞. In the meanwhile we wait for a rigorous defini-
tion of asymptotic diffeomorphicity, we wonder weather
this picture may be equivalent to the one of the dumbbell
v-level sets introduced here, at least for systems with a
Z2 symmetry where dumbbell v-level sets are defined.
Another open question is about short-range systems.
In a short-range system the entropy s(v,m) has to be
a concave function of v, at most non-strictly concave in
presence of phase transitions [22, 37]. The definition of
the dumbbell v-level sets we have given is suitable only
for long-range systems because it implies a non-concave
shape of s(v,m). Anyway, that definition is suitable to
be generalized to the short-range case if we assume that
the ’strangledness’ of the v-level sets are maintained for
any N but not in the limit N → ∞. This entails that
the entropy must be a non-strictly concave function of v,
as requested for a short-range system. This means that
there is no qualitative difference between short-range and
long-range as long as N is far from the thermodynamic
limit. In [25] the average trapping time of the RP to be
located around one of the two average values of the mag-
netization in the broken phase of the 2D φ4 model with
nearest neighbors interactions has been found to increase
as a polynomial in N . But in a long-range system the
trapping time increases exponentially in N , so that the
difference becomes crucial as N is large enough. This dif-
ference may be responsible of the fact that a non-concave
entropy in the broken phase of a long-range system is re-
placed by a non-strictly concave entropy of a short-range
system.
Lastly, we wonder how the picture introduced in this
paper for Z2-symmetric systems may be extended to
other symmetry groups, for example O(n) with n > 1.
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